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Abstract—In this paper we consider the skin- and radiation
effects for a thin wire segment. Circuit models are being con-
structed which are suitable for the modeling of thin wires like the
wire bonds. We use the internal-external inductance model for
this purpose of including the skin-effect in the partial inductance.
These models make it possible to include thin, round conductors
in a PEEC model at a much lower cost in compute time. The
ultimate goal is to construct a circuit model which can be applied
both in the time and frequency domain to signal and power
integrity problems.
I. INTRODUCTION
The inclusion of the skin-effect for thin round conductors
in the Partial Element Equivalent Circuit (PEEC) technique is
an important addition to the approach. Quite a few interesting
signal and power integrity electromagnetic compatibility prob-
lems can be solved like the package modeling for an integrated
circuit with wire bonds. In this paper, we concentrate on
the frequency dependent partial self-inductance for a wire
segment. It is clear from previous work [1], [2] that the
proximity effect can be ignored if the distance between the
wires is equal to the wire diameter or larger. This is usually
the case for wire bond type structures. Then the partial mutual
inductance between the wire segments can be computed with
center filaments models. However, the most important aspect
is the proper computation of the self-term which we consider
in this paper.
Originally, skin-effect model have been of importance for
power engineering problems. Hence, interesting models have
been available for more than fifty years, e.g. [3]. Recently we
considered the skin-effect for planar PEEC geometries e.g, [4].
We found that the widely used internal-external inductance
model approximation worked well for relatively thin structures
but with reduced accuracy for non-thin geometries. Hence, the
model can be applied to the thin wire structures of interest.
Our approach is based on the conventional round conductor
model which again has a long history [5], [6]. To come up
with an internal-external inductance partial inductance for the
model, we need to connect the partial inductance for a shell
𝐿𝑝𝑠ℎ𝑒𝑙𝑙 in series to skin-effect model. Our basic skin-effect
model is similar to the ones used for transmission lines [7],
[8].
II. ROUND WIRE MACROMODEL
Wire-bonds represent a key example where relatively dis-
tant, thin wires are a key part of the geometry. The most
efficient way to include them in a PEEC model is to treat
them as having a circular symmetrical current penetration. This
assumption is accurate enough if the wires are more than a
diameter apart. Also, as shown in Fig. 1, we represent the wires
as partially straight segments. We consider a section of wire
shown in Fig 1 where we assume that the length ∣𝑧𝑒−𝑧𝑠∣ > 𝑑
and the current is assumed to be strictly in the ?ˆ? direction.
Of course, the model can be rotated in any arbitrary direction.
The formula for a partial inductance is given by [9], [10]
𝐿𝑝𝑚ℓ =
1
𝑎𝑚 𝑎ℓ
𝜇
4𝜋
∫
𝑣𝑚
∫
𝑣ℓ
𝒕𝑚 ⋅ 𝒕ℓ
𝑅𝑚,ℓ
𝑑𝑣𝑚 𝑑𝑣ℓ (1)
where 𝒕 = 𝒛 are the unit vectors tangential to the currents and
where 𝑅𝑚,ℓ is the distance metric between the source and
observation points. For a round bar, the partial inductance can
be approximated as [5], [6]
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where 𝑎 is the wire radius and ℓ is the length. We originally
assumed that this is an approximation to the low frequency
inductance for a cylindrical conductor. However, the value we
obtained form it seems to be closer to the value for a tube, at
least for the aspect ratios we are considering in this paper.
Another limiting case for the model is given at the high
frequency limit. The infinite frequency limit is the partial
inductance of a zero thickness cylindrical tube with a radius
𝑎. The partial inductance (1) for the cylinder reduces to
𝐿𝑝11 =
𝜇
4𝜋2
∫ 𝜋
𝜙=0
∫ ℓ
𝑧=0
∫ ℓ
𝑧′=0
𝑑𝑧 𝑑𝑧′ 𝑑𝜙√
4𝑎2𝑠𝑖𝑛2(𝜙/2) + (𝑧 − 𝑧′)2
(3)
by recognizing that the symmetry can be used to reduce the
four-fold integral to a three fold integral. We were able to
analytically solve the integrals for the case of interest where
the length ℓ of the wire is longer than the diameter 𝑑 = 2 𝑎.
The result for the tube conductor is given by
𝐿𝑝11 =
𝜇ℓ
4
[ (
𝑘2
480 +
𝑘4
1280 +
1
3600
)
𝜋3
+
(
1
18 − 𝑘
2
24
)
𝜋
+(−2 𝑙𝑜𝑔(ℓ) + 6 log(2) + 2 + 2 𝑙𝑜𝑔(𝑎)− 4 𝑙𝑜𝑔(𝑘𝜋)) 1𝜋
+ 8 𝑎ℓ 𝜋2
]
(4)
Evaluating (4) resulted in 0.54995 nH which is the high
frequency limit for 𝑎 =0.05 mm and ℓ = 1 mm while
the approximate formula (2) lead to 0.54775 nH. Hence, the
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approximate formula does not represent a low frequency result
for the full cylinder, since its value is supposed to be larger
than the high frequency result.
For the skin-effect, we use the external/internal inductance
model approximation where the external partial inductance
consists of the partial tube inductance. It is important to take
the skin-effect of such wires into account in the model without
excessive compute time since a model for a package can
include a multitude of wires. Also, we prefer circuit models
since they apply in both the frequency and time domain
without any change.
y
d
z
z
x
z
e
s
Fig. 1. Section of round wire for internal skin-effect models.
We assume that the wires are thin compared to the length
of the cylinders, and the center to center wire-to-wire spacing
is larger than 2𝑑 = 4𝑎. This allows us to ignore the proximity
effect since it is sufficiently small such that it does not
introduce any asymmetry in the current distribution.
The Maxwell equations in the time domain for the skin-
effect model inside of the conductor reduce to [11]
∇×𝑯 = 𝑱 = 𝜎𝑬 (5)
and
∇×𝑬 = −𝜇∂𝑯
∂𝑡
. (6)
or in the frequency domain the ∂/∂𝑡 operator replaced by 𝑗𝜔.
A. Physics based circuit macromodel
The purpose of this section is to give the derivation for
physics-based circuit macromodel [4], [7] for the internal
inductance of the wire cylinder. Again, the current is strictly
in the z-direction with a circular symmetric current density
𝑱 = 𝐽𝑧𝒛. Then, the internal field is centered around the dashed
line in Fig. 1. Hence, the magnetic field in the 𝜙 direction
in a cylindrical coordinate system where 𝐻 = 𝐻𝜙𝝓. This
considerably simplifies the vector operations.
If we take (5) and integrate it over the cross-section we get∫
𝑆
(∇×𝑯) ⋅ ?ˆ? 𝑑𝑠 =
∮
ℓ
𝑯 ⋅ 𝑑ℓ =
∫
𝑆
𝑱 ⋅ ?ˆ? 𝑑𝑠 (7)
which reduces
𝐼𝑧(𝑟, 𝑡) = 2𝜋𝑟𝐻𝜙(𝑟, 𝑡) (8)
for 0 ≤ 𝑟 ≤ 𝑎 in our specific case.
If we take (6) and use 𝑱 = 𝜎𝑬 to get
∇× 𝑱 = −𝜇𝜎∂𝑯
∂𝑡
. (9)
where with the current 𝑱 in the 𝑧-direction and 𝑯 is in the
𝜙 direction we get
∂𝐽𝑥
∂𝑟
= −𝜇𝜎𝐻𝜙(𝑟)
∂𝑡
(10)
From this and (8) we finally get a first order differential
equation
∂𝐽𝑥
∂𝑟
=
−𝜇𝜎
2𝜋𝑟
∂𝐼𝜙(𝑟)
∂𝑡
(11)
The goal of this work is to come up with an efficient circuit
model for the internal cylindrical conductor from the outside
layers to the inside ones where the vertical current is impeded
to go to the inside layers by the inductances. We can transform
(11) by multiplying both sides by the section length ℓ and
diving by 𝜎 and by approximating the spacial derivative for
the first section as
Δ𝑧
𝜎
𝐽1 − 𝐽2
𝑟1 − 𝑟2 =
−𝜇Δ𝑧
2𝜋𝑟2
∂𝐼1
∂𝑡
(12)
Finally, by multiplying by 𝑟1 − 𝑟2 and by replacing 𝐽1 =
(𝐼𝑝 − 𝐼1)/𝑎1 and 𝐽2 = (𝐼1 − 𝐼2)/𝑎1 we get
Δ𝑧
𝜎
𝐼𝑝 − 𝐼1
𝑎1
−−Δ𝑧
𝜎
𝐼1 − 𝐼2
𝑎1
=
−𝜇Δ𝑧(𝑟1 − 𝑟2)
2𝜋𝑟2
∂𝐼1
∂𝑡
(13)
where 𝐼𝑝 is the current from the external partial inductance
Δ𝑧 = ∣𝑧𝑒 − 𝑧𝑠∣. We define
𝐿2 =
𝜇∣𝑧𝑒 − 𝑧𝑠∣(𝑟1 − 𝑟2)
2𝜋𝑟2
(14)
is the differential diffusion inductance. Also, in the left hand
side of the equation we recognize the resistors of the form
𝑅1 = ∣𝑍𝑒 − 𝑍𝑠∣/(𝜎𝑎1) where the area of the first section is
𝑎1 = 𝜋(𝑟
2
1−𝑟22) etc. Of course, for the first section 𝑟1 = 𝑎. The
currents 𝐼1, 𝐼2, ⋅ ⋅ ⋅ are pertaining the appropriate loops. With
this we can recognize the loop form of the circuit equation
corresponding to (13) to be
𝑅1𝐼𝑝 −𝑅1𝐼1 + 𝐿2 ∂𝐼1
∂𝑡
+𝑅2𝐼1 −𝑅2𝐼2 = 0 (15)
Since all the other loops are of the same form we can construct
the equivalent circuit in Fig.6. Note that the partial inductance
of the outer zero thickness shell (2) has been added to the
model. We emphasize that, since this model is a self-term, it
can be applied to any orientation for a cylindrical conductor
in the global coordinate system.
B. Analytic cylinder impedance comparison computation
We start out with the comparison model for our solution
which is the conventional approach for the round wire skin-
effect.
We use a curl operator on both sides of (6) and replace the
current 𝑱 = 𝜎𝑬 in the frequency domain we get
∇×∇× 𝑱 = −𝑗𝜔𝜇𝜎 ∇×𝑯 (16)
We use the identity ∇×∇×𝑱 = ∇(∇⋅𝑱)−∇2𝑱 to simplify
(16) to
∇2𝑱 = ∇ ⋅ ∇𝐽𝑧?ˆ? = 𝑗𝜔𝜇𝜎𝐽𝑧?ˆ? (17)
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Fig. 2. Skin-effect diffusion equivalent circuit for cylinder.
since 𝑱 = 𝐽𝑧?ˆ?. We need to evaluate the left hand side using
the form for cylindrical coordinates to get
∇ ⋅ ∇𝐽𝑧?ˆ? = 1
𝑟
∂
∂𝑟
(
𝑟
∂𝐽𝑧(𝑟)
∂𝑟
)
(18)
∇×𝑯 = 𝒛 1
𝑟
∂𝑟𝐻𝜙
∂𝑟
= 𝒛𝐽𝑧 (19)
The last two equations after differentiation combined yield the
differential equation
∂2𝐽𝑧(𝑟)
∂𝑟2
+
1
𝑟
𝐽𝑧(𝑟)
∂𝑟
− 𝑗𝜔𝜇𝜎𝐽𝑧(𝑟) = 0 (20)
The solution to this differential equation is well known [12],
[13], [11]. Finally, the solution to the differential equation is
given by the zeroth order Bessel function of first kind 𝐽0, or
𝐽𝑧(𝑟) = 𝛼𝐽0(𝑘𝑟) (21)
where 𝑘 =
√−𝑗𝜔𝜇𝜎 We can find 𝛼 by matching the
current density 𝐽𝑧 at the surface of the at 𝑟 = 𝑎. Hence,
𝛼 = 𝐽𝑧(𝑎)/𝐽0(𝑘𝑎). Finally, the solution is
𝐽𝑧(𝑟) =
𝐽𝑧(𝑎)
𝐽0(𝑘𝑎)
𝐽0(𝑘𝑟) (22)
We need to finally find the internal impedance of the wire
cylinder which is given by
𝑍𝑖 =
𝐸𝑧(𝑎)∣𝑧𝑒 − 𝑧𝑠∣
2𝜋𝑎𝐻𝜙(𝑎)
. (23)
If we use (6) for the z-directed current and the 𝜙 directed
magnetic field for the cylindrical coordinates reduces to
∂𝐸𝑧(𝑟)
∂𝑟
= 𝑗𝜔𝜇𝐻𝜙(𝑟) (24)
Using (21) we can express the electric field as
𝐸𝑧(𝑟) =
𝐽𝑧(𝑟)
𝜎
=
𝛼𝐽0(𝑘𝑟)
𝜎
(25)
at 𝑟 = 𝑎. This yields the numerator for (23). The denominator
can be found from (24) by solving for 𝐻𝜙(𝑟) to get
2𝜋𝑎𝐻𝜙(𝑎) =
2𝜋𝑎𝛼
𝑗𝜔𝜇𝜎
∂𝐽0(𝑘𝑟)
∂𝑟
(26)
at 𝑟 = 𝑎. If we insert the numerator and denominator results
into (23) we obtain
𝑍𝑖 =
𝑗𝜔𝜇
2𝜋𝑎
𝐽0(𝑘𝑎)(𝑧𝑒 − 𝑧𝑠)
∂𝐽0(𝑘𝑟)/∂𝑟
(27)
where the derivative denominator is evaluated at 𝑟 = 𝑎.
Using the relationship for the derivative of the zeroth order
Bessel function, we have
∂𝐽0(𝑘𝑟)
∂𝑟
= −𝑘𝐽1(𝑘𝑟) (28)
where 𝐽1(𝑘𝑟) is the Bessel function of the first kind and first
order. If we replace the denominator in (27) with (28) and
some algebra we get
𝑍𝑖 = 𝑅𝑖(𝜔) + 𝑗𝜔𝐿𝑖(𝜔) =
√
𝑗𝜔𝜇
𝜎
∣𝑧𝑒 − 𝑧𝑠∣
2𝜋𝑎
𝐽0(𝑘𝑎)
𝐽1(𝑘𝑎)
(29)
which is the differential internal inductance. We want to
compare this with the results from the circuit solution in the
last Section.
III. INCLUDING HIGH FREQUENCY RETARDATION IN THE
MODEL
We encounter two different regimes in PEEC model appli-
cations depending on the problem size and the spectrum of
the input signal(s). For a quasi-static regime, the size of the
cells is limited by the requirement to provide sufficiently fine
meshes such that the current flow is represented with sufficient
accuracy. Hence, geometries like bends may require rather
small cells in some areas.
In contrast, for high frequencies, the additional requirements
are that the cell size may be further reduced due to the highest
frequency 𝑓𝑚𝑎𝑥 or the shortest wavelength 𝜆𝑚𝑖𝑛 involved in
the problem. For these cases, we have to limit the largest
cell dimension to 𝜆𝑚𝑖𝑛/20. In this case, we would like to
take the retardation internal to the cells into account since this
adds additional damping behavior to the partial element. Con-
ventionally, the external retardation is taken into account [9]
and other techniques are used in PEEC. For example, for
antenna structures [14] combines the inductive and capacitive
retardation. For very high frequencies the damping behavior
and phase of the PEEC model is improved if we also include
the retardation even if the length of the cylinder is restricted in
the conventional way to 𝜆/20. The partial inductance (1) with
the retardation is for the parallel currents in the axial direction
𝐿𝑝𝑅𝑚ℓ =
1
𝑎𝑚 𝑎ℓ
𝜇
4𝜋
∫
𝑣𝑚
∫
𝑣ℓ
𝑒−𝑗𝛽𝑅
𝑅
𝑑𝑣𝑚 𝑑𝑣ℓ (30)
Since the length of the wire segment is 𝜆/20 or shorter at the
largest frequency, we can expand the exponential in a series,
or
𝑒−𝑗𝛽𝑅 = 1− 𝑗𝛽𝑅+ 𝛽
2𝑅2
2
− ⋅ ⋅ ⋅ (31)
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We can view the third terms in (31) as an error term by using
the first two terms in (30) to get
𝐿𝑝𝑅11 = 𝐿𝑝11 −
𝑗𝛽𝜇
4𝜋
∣𝑧𝑒 − 𝑧𝑠∣2. (32)
Since the inductive impedance is given by 𝑗𝜔𝐿𝑝𝑅11 and 𝛽 =
𝜔/𝑣 where 𝑣 is the velocity in the material, we have
𝑗𝜔𝐿𝑝𝑅11 = 𝑗𝜔𝐿𝑝11 +
𝜔2𝜇
4𝜋𝑣
∣𝑧𝑒 − 𝑧𝑠∣2. (33)
where, 𝐿𝑝11 is the quasi-static partial inductance. Clearly, the
second part is a frequency dependent local radiation resistance
given by
𝑅𝑟𝑎𝑑(𝜔) =
𝜔2𝜇
4𝜋𝑣
∣𝑧𝑒 − 𝑧𝑠∣2. (34)
The impact of the local radiation resistance is shown in the
next Section. Also, a modified resistance model is presented.
A. Mutual inductance coupling
A natural next question is the radiation resistance asso-
ciated with a mutual inductance coupling term. This issue
is particularly important for very closely located coupling
elements. For this reason, we consider one of the special cases
for rectangular coordinates where the wires are in line. The
geometry for this case is shown in Fig. 3. Since for the thin
wires, thickness is less of an issue, we consider the case of
zero thickness wires so that we can find an analytical solution.
Then, the integral for the partial inductance corresponds to the
geometry in Fig. 3. We again assume that both wires are less
than 𝜆/20 in length for the highest frequency considered.
y
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Fig. 3. Two wires in series for radiation resistance calculation.
The integral to be solved is of the form
𝐿𝑝𝑅12 =
𝜇𝑒−𝑗𝛽𝑏2
4𝜋
∫ 𝑒1
𝑥1=0
∫ (𝑒2−𝑏2)
𝑥2=0
𝑒−𝑗𝛽(𝑥2−𝑥1)
(𝑏2 + 𝑥2 − 𝑥1)𝑑𝑥1𝑑𝑥2
(35)
A very interesting issue is the difference between the partial
mutual inductance for the case where the delay is taken into
account only external to the integral as opposed to the case
where the retardation is internal to the cell also. Therefore, this
can be viewed as a correction factor for the external delayed
partial inductance which is 𝑒𝑥𝑝(−𝑗𝛽𝑏2)𝐿𝑝12. As a next step,
we use
𝐿𝑝𝑅12 = 𝑒
−𝑗𝛽𝑏2𝐿𝑝12 − 𝑒−𝑗𝛽𝑏2(𝐿𝑝12 − 𝐿𝑝𝑅12𝑒𝑗𝛽𝑏2) (36)
With this, the integral to be solved is
𝐿𝑝𝑀12 =
𝜇
4𝜋
∫ 𝑒1
𝑥1=0
∫ (𝑒2−𝑏2)
𝑥2=0
1− 𝑒−𝑗𝛽(𝑥2−𝑥1)
(𝑏2 + 𝑥2 − 𝑥1) 𝑑𝑥1𝑑𝑥2 (37)
where we remove the common retardation factor 𝑒𝑥𝑝(−𝑗𝛽𝑏2)
from all the integrals. We re-iterate that the segment size is
such that each cell length, 𝑒2 − 𝑏2 and 𝑒1 are less than 𝜆/20.
This allows us to evaluate the integrals analytically as
𝑅𝑒(𝐿𝑝𝑀12) =
𝜇 𝑒1(𝑒2 − 𝑏2)
96𝜋 𝑏32
[
(38)
(7 𝑏42 + 10 𝑒1 𝑏
2
2 − 17 𝑏32 𝑒2 + 13 𝑏22 𝑒22
+ 6 𝑒1 𝑏2 𝑒
2
2 + 12 𝑒1 𝑏
3
2 + 3 𝑒
3
1 𝑏2 − 6 𝑒21 𝑏2 𝑒2
− 18 𝑒1 𝑏22 𝑒2 − 3 𝑏2 𝑒32 ) 𝛽2
]
and the imaginary part is
𝐼𝑚(𝐿𝑝𝑀12) =
𝜇 𝑒1(𝑒2 − 𝑏2)
96𝜋 𝑏32
[
(39)
(−12 𝑒1 𝑒22 + 6 𝑒32 − 26 𝑏32 + 36 𝑒1 𝑒2 𝑏2 − 6 𝑒31
− 26 𝑒22 𝑏2 + 46 𝑒2 𝑏22 − 20 𝑒21 𝑏2 − 36 𝑒1 𝑏22
+ 12 𝑒21 𝑒2 ) 𝛽
+ (2 𝑒1 𝑏
4
2 + 2 𝑒
2
1 𝑏
3
2 − 3 𝑏42 𝑒2 + 𝑒13 𝑏22
− 𝑏22 𝑒32 + 3 𝑏32 𝑒22 − 2 𝑒21 𝑏22 𝑒2 + 𝑏52
+ 2 𝑒1 𝑏
2
2 𝑒
2
2 − 4 𝑒1 𝑏32 𝑒2) 𝛽3
]
Finally, the result for the entire coupling factor will be
𝐿𝑝𝑅12 = 𝑒
−𝑗𝛽𝑏2 [𝐿𝑝12 −𝑅𝑒(𝐿𝑝𝑀12)− 𝑗𝐼𝑚(𝐿𝑝𝑀12)] (40)
which results in an additional contribution to the quasi-static
partial inductance computation.
Next, we give an example for the additional contribution
of the magnitude of 𝐿𝑝𝑀12 in comparison to the quasi-static
impedance 𝜔𝐿𝑝12. In this comparison, we ignore the im-
pact of the external retardation since it represent the same
multiplier in both cases. In the example, we chose f = 10
GHz, where each wire is 𝜆/20 = 1.499 mm and a distance
of 𝑠2 − 𝑒1 = 𝜆 = 29.979 mm. For this example, the
partial quasi-static impedance is 𝜔𝐿𝑝12 = 4.48710−4 kΩ, and
𝐼𝑚(𝐿𝑝𝑀12) = −5.43810−4 kΩ and 𝑅𝑒(𝐿𝑝𝑀12) = 5.45610−7
H. We can conclude that the contribution of the radiation
resistance dominates again in comparison of the contribution
to the change in inductance with frequency.
IV. NUMERICAL EXPERIMENTS
We know that the analytical formula (29) represents the
correct value of the internal impedance. We use this to
compare the results obtained with the circuit macromodel in
Fig. 6.
Clearly, the accuracy of the circuit macromodel can be
traded for speed by choosing the appropriate number of
sections in the model. We choose an example, with 𝑘 = 11
layers or resistances and where the thickness of the inner layer
to layer thickness is increased by a factor 𝑓𝑘 = 1.7. We can
chose the first layer to have a thickness of 𝛿𝑚𝑖𝑛/2 where 𝛿𝑚𝑖𝑛
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is the skin-depth at the highest frequency of interest [15]. We
should note that for the internal-external inductance model we
use here, the skin-depth for 𝑓 → ∞ is zero due to the zero
thickness external inductance layer. Hence, we can increase
the thickness of all internal layers and still get get the correct
high frequency value.
Figures 4 and 5 show a comparison for the internal dif-
ferential inductance using the analytical model (29) and the
equivalent circuit model in Fig. 6.
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Fig. 4. Internal skin-effect resistance in kΩ for cylinder.
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Fig. 5. Internal skin-effect inductance in 𝜇H for cylinder.
An important aspect is the choice of non-uniform cells towards
the surface where the factor 𝑓𝑘 will be increased depending
on the number of cells. For this reason, we can construct a
model with very few circuit elements like a MOR macromodel.
It is well known that including the skin-effect is relatively
expensive. Hence, the model at hand can be unusually efficient.
A further issue with the internal model is that it is connected
in series to the external partial inductance for the conductive
shell as is shown in Fig. 6. As is evident from Fig.6, the
external partial inductance dominates such that the internal
inductance results in a smaller error in the total inductance.
For high frequencies, also the resistance will increase due
to the radiation resistance. The equation (34) for the example
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Fig. 6. Resultant inner differential and external partial inductance in 𝜇H.
used is shown in Fig. 7. It is obvious that the value is very
small for low and mid frequencies in comparison to the other
impedances. Therefore, it can be omitted for these cases. From
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Fig. 7. Radiation resistance for small cylinder conductor example in kΩ.
the result in Fig. 8 we can clearly identity the frequencies
where the radiation resistance is important compared to the
skin-effect resistance. For the high frequency model, also the
resistance will increase. We give results on the high frequency
radiation resistance. The equation (34) for the example used
is shown in Fig. 8. It is obvious that the value is very
small for low and mid frequencies in comparison to the other
admittances. Hence, it can be omitted for these cases. From
the result in Fig. IV we show that including a simple resistance
𝑅𝑟𝑎𝑑 in the equivalent circuit can be used to to also include
the radiation resistance in the same model! We should note
that we did not change the value of the other elements in the
equivalent circuit. In Fig. 9 provides a good match with the
model without 𝑅𝑅𝑎𝑑. further plan show that the same scheme
will also improves the passivity of the PEEC model.
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Fig. 8. Total resistance in kΩ for high frequencies.
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Fig. 9. Inductance for equivalent circuit which includes 𝑅𝑅𝑎𝑑.
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Fig. 10. Skin-effect diffusion equivalent circuit including 𝑅𝑟𝑎𝑑.
V. CONCLUSIONS
The inclusion of thin round conductors with a skin-effect
model is important for some SI/PI problems. The partial self
inductance model we presented in this paper includes both the
skin-effect for the cell as well as the radiation resistance. An
important result is that a circuit model has been made for all
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Fig. 11. Total real part in kΩ for high frequencies.
the different models of the problem. The model also includes
a formula for the partial inductance of a thin shell.
For the partial mutual inductance we considered the im-
portant case when the cells are in-line. Again, frequency
dependent models are given for the case were we approximate
the thin wires with filaments. Formulas are given for the
contributions due to retardation inside the integrals as well
as the external ones.
REFERENCES
[1] A. E. Ruehli, C. Paul, and J. Garrett, “Inductance calculations using
partial inductances and mocromodels,” in IEEE Transactions on Elec-
tromagnetic Compatibility, Aug. 1995, pp. 23–28.
[2] G. Antonini, A. Orlandi, and C. R. Paul, “Internal impedance of con-
ductors of rectangular cross section,” IEEE Transactions on Microwave
Theory and Techniques, vol. 47, no. 7, pp. 979–985, Jul. 1999.
[3] H. A. Wheeler, “Formulas for the skin effect,” Proceedings of the IRE,
vol. 30, pp. 412–424, Sep. 1942.
[4] G. Antonini and A. E. Ruehli, “Skin-effect model for time and frequency
domain PEEC solver,” in Proc. of the IEEE Int. Symp. on Electromag-
netic Compatibility, Long Beach, CA, Aug. 2011.
[5] F. W. Grover, Inductance calculations: Working formulas and tables.
Dover, 1962.
[6] C. Paul, Inductance, Loop and Partial. John Wiley and Sons, New
York, 2010.
[7] C. S. Yen, Z. Fazarinc, and R. Wheeler, “Time-domain skin-effect model
for transient analysis of lossy transmission lines,” Proceedings of the
IEEE, vol. 70, pp. 750–757, Jul. 1982.
[8] C. R. Paul, Analysis of multiconductor transmission lines. Hoboken,
NJ: John Wiley Interscience, 2008.
[9] A. E. Ruehli, “Equivalent circuit models for three dimensional mul-
ticonductor systems,” IEEE Transactions on Microwave Theory and
Techniques, vol. MTT-22, no. 3, pp. 216–221, Mar. 1974.
[10] A. E. Ruehli, G. Antonini, J. Esch, J. Ekman, A. Mayo, and A. Orlandi,
“Non-orthoganal PEEC formulation for time and frequency domain EM
and circuit modeling.” in Proc. of the IEEE Int. Symp. on Electromag-
netic Compatibility, vol. 45, May 2003, pp. 167–176.
[11] S. Ramo, J. R. Whinnery, and T. V. Duzer, Fields and Waves in
Communication Electronics. John Wiley and Sons, New York, 1994.
[12] F. Bowmnan, Introduction to Bessel functions. New York, NY: Dover
Publication, Inc., 1958.
[13] R. Matick, Transmission Lines for Digital and Communication Net-
works. McGraw-Hill Book Company, 1969.
[14] L. K. Yeung and K.-L. Wu, “Generalized partial element equivalent
circuit (PEEC) modeling with radiation effect,” IEEE Transactions on
Microwave Theory and Techniques, vol. 59, no. 10, pp. 2377–3384, Oct.
2011.
[15] L. Daniel, A. Sangiovanni-Vincentelli, and J. White, “Proximity tem-
plates for modeling of skin and proximity effects on packages and high-
frequency interconnect,” in Proc. Internat. Conference on Computer
Aided Design, Jun. 2002, pp. 326–333.
978-1-4673-0717-8/12/$31.00 ©2012 IEEE
